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This article is mainly focussed on revisited of the two well-known postulates of plasticity, i.e., the Drucker
and the Il’iushin postulate, and it describes their rational interpretation within the framework of irrevers-
ible thermodynamics and using exterior calculus. It shows that the Il’iushin and the Drucker postulate is
the integral form and local form of the irreversible thermodynamics of plastic deformation, respectively.
The Drucker and Il’iushin postulate is equivalent for both soft and hardening materials.
 2014 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license (http://
creativecommons.org/licenses/by/3.0/).1. Introduction
In physics and materials science, plasticity describes the defor-
mation of a material undergoing non-reversible changes of shape
in response to applied forces. In engineering, the transition from
elastic behaviour to plastic behaviour is known as yield. If the
stress exceeds this critical value, the material will undergo plastic
deformation. This critical stress can either be tensile or compres-
sive. The Tresca and the von Mises criteria are commonly used to
determine whether a material has yielded. Inside the yield surface,
a material undergoes elastic deformation, while upon reaching the
yield surface, it undergoes plastic deformation. However, it is phys-
ically impossible for a material to go beyond its yield surface. The
yield surface is usually convex and the state of stress inside it is
elastic. When the stress state lies on the surface, the material is
said to have reached its yield point and is said to have become
plastic. Further deformation of the material causes the stress state
to remain on the yield surface. This effect is observed because the
stress states that lie outside the yield surface are non-permissible
in rate-independent plasticity, though not in certain models of
viscoplasticity.
How to determine the plastic part of strain or stress is the fun-
damental question of plasticity. Several postulates in the form of
constitutive inequalities have been proposed for certain types of
materials undergoing plastic deformation. The two most well-
known postulates are given by Drucker (1960) and Il’iushin
(1961). The importance of these postulates is that they enable usto formulate the plastic deformation rate in terms of the yield sur-
face gradient.
Since the Drucker and Il’iushin postulates were proposed, there
have been various geometrical illustrating interpretations of these
postulates. Unfortunately, none of those illustrations are rational.
The rational foundation of the two postulates is still needed to be
established with the general framework of irreversible thermody-
namics. Nonetheless, it is still worth reviewing the postulates’
thermodynamic foundation and the relationship between the
Drucker and the Il’iushin postulate. Particularly, it is very necessary
to use modern geometrical forms as its mathematical tool to give
rational interpretation on the Drucker postulate, since the inter-
pretation requires the tensor product of tangent between stress
space and strain space.
In summary, in Section 2, we will ﬁrst introduce the Il’iushin
postulate and provide irreversible thermodynamics proof of the
integral form of the postulate
H
SdEP 0, where S is stress tensor
and E is work-conjugated strain tensor, they are work-conjugated.
Next, we will consider the strain energy density as 1-form and ap-
ply exterior calculus to the strain space to determine the local form
of the postulate SdE > 0. In Section 3, we will apply the exterior
operation onto the local form of the Il’iushin postulate SdEP q0du
and the Drucker postulate dSdEP 0 can be formulated as a natural
result of the operation. This result establishes an intrinsic relation-
ship between the two postulates.
2. Il’iushin postulate [2]
In 1961, Il’iushin proposed a ‘‘postulate of plasticity’’ in strain
space, which states that in any cycle in closed strain space,
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rijdeij  0. The postulate is satisﬁed for processes in which the
original yield surface is inside all subsequent yield surfaces. The
integral over an elastic strain cycle is equal to zero because a cycle
of strain that includes plastic deformation in general does not re-
turn the material to its state at the beginning of the cycle.
The Il’iushin postulate can be rewritten in an abstract tensor
form as
H
SdEP 0, where the stress tensor S and strain tensor E
are work-conjugated.
Regarding the interpretation of the Il’iushin postulate, there are
several basic geometrical illustrations; however, none of them is
rational. In this study, we will demonstrate a possible rational
interpretation within the thermodynamics framework.
Asweknow, plasticity is an irreversible process because the plas-
tic deformation cannot be fully recovered. The irreversible thermo-
dynamics Clausius–Duhem inequality in the reference
conﬁguration can be stated as q0ð _uþ g _hÞ þ QLh;Lh
 
 S _E  0, where
q0 is themass density,u is theHelmholtz free energy, g is the entro-
py, Q is the heat ﬂux , h is the absolute temperature, S is the 2nd
Piola–Kirchhoff stress tensor, and _E is the Green strain tensor rate.
For a rate-independent process, i.e., an isothermal process, we have
_h ¼ 0andh;L ¼ @h@XL ¼ 0. [3]. Thus, the Clausius–Duhem inequality
will take a simple formq0 _u S _E  0, or S _E  q0 _u, and SdEP q0du.
In any cycle in closed strain space, the strain energy corresponding
to the recoverable elastic deformation is zero; therefore, we
have
H
SdE  H q0du ¼ q0
H
du ¼ H q0due þ q0dup ¼
H
q0dup > 0;
which is the Il’iushin postulate
H
SdEP 0. The postulate can be
rewritten in terms of the Cauchy stress, T, and the 1st Piola–
Kirchhoff stress tensor, P, as
H
PdFP 0,
H
TdDP 0, where F is the
deformation gradient and D is the deformation rate.
For an elasto-plasticity process, the Helmholtz free energy will
be the summation of elastic strain energy and plastic energy, i.e.,
u = ue + up; therefore, we have SdEP q0due + q0dup. Because
the elastic energy, q0due, is always positive, and for a work-hard-
ening material the plastic energy q0dupP 0, it follows that for
such a material SdE > 0.
In the following section, we will examine the total strain energy
by using the exterior differential calculus and try to provide a nat-
ural interpretation. In one-form of total energy dW = SdE, then
d(dW) = Sd(dE) + dSdE = Sd2E + dSdE. According to Poincaré Lem-
ma of exterior calculus [5–7], we have d(dW) = d2W = 0, and
d2E = 0, which means that the boundary of boundary of strain
space is zero, so we have dSdE = 0. For plasticity, this equation
can be written as (dSe + dSp)dE = 0 because the elastic energy
dSedE > 0; hence, we have another format of the Il’iushin postulate
as dSpdE < 0, which has been demonstrated in a different approach
by Hill and Rice [4].
3. Drucker postulate [1]
Work hardening in a simple tension experiment means that the
stress is a monotonically increasing function of the increasing
strain. To generalise this concept, D.C. Drucker (1960) considered
the work performed by an external agency which slowly applies
a set of self-equilibrating forces and slowly removes them thereaf-
ter. This external agency is to be understood as entirely separate
and distinct from the agency that causes the existing state of stress.
The original conﬁguration may or may not be restored after the cy-
cle. Work hardening is deﬁned such that for all of the added sets of
stresses, a positive work is performed by the external agency dur-
ing the application of the stresses, and the net work performed by
it over cycle of application and removal is either zero or positive.In other words, Drucker’s deﬁnition of work hardening means
that the useful net energy over and above the elastic energy cannot
be extracted from the material and the system of forces acting
upon it.
Consider a volume of the material in which there is a homoge-
neous state of stress rij and strain eij. Suppose that an external
agency applies small surface tractions that alter the stresses at
each point by drij and produces a small strain increment deij. On
removing the stresses drij, a strain de
ðeÞ
ij is recovered. Next, accord-
ing to the deﬁnition above, the material is said to be work-hard-
ened if the following two conditions hold true: drijdeij > 0 upon
loading and drijðdeij  deðeÞij Þ  0 on completing a cycle. Let us de-
note the plastic strain increment which is not recovered by the
process above by deðpÞij ; accordingly, because de
ðpÞ
ij ¼ deij  deðeÞij ,
the second condition may be written as drijde
ðpÞ
ij  0.
The Drucker postulate can be rewritten in an abstract tensor
form as dSdE > 0 and dSdEp P 0: From the local form of irrevers-
ible thermodynamics, we have SdEP q0du. If we consider the
postulate as 1-form differential, then we can have d(SdE)P
d(q0du), i.e., Sd
2Eþ dSdE  q0d2u. According to Poincaré Lemma
of exterior calculus, we have d2E = 0, d2u = 0; therefore, we have
dSdEP 0, which is the natural and rational interpretation of the
Drucker postulate.
4. Intrinsic relationship between the postulates
The intrinsic relationship between the two postulates can be
established from irreversible thermodynamics statement
SdEP q0du. Its local form leads to the Drucker postulate and its
integral form leads to Il’iushin postulate. The Drucker and Il’iushin
postulate are equivalent for both soft and hardening materials.
5. Conclusions
From the primary discussions, we determined that the integral
form of the postulates of plasticity can be proved within the gen-
eral framework of irreversible thermodynamics, while the local
form of the postulates can be derived by applying exterior calculus
in the strain or stress space. The local form of the irreversible ther-
modynamics leads to the Drucker postulate and its integral form
leads to Il’iushin postulate, The Drucker and Il’iushin postulate
are equivalent.
Appendix A. Supplementary data
Supplementary data associated with this article can be found, in
the online version, at http://dx.doi.org/10.1016/j.rinp.2014.02.004.
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